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High-Order Analysis of Unidirectional Sandwich Panels
with Piezolaminated Face Sheets and Soft Core

Oded Rabinovitch¤ and Jack R. Vinson†

University of Delaware, Newark, Delaware 19716
and

Yeoshua Frostig‡

Technion—Israel Institute of Technology, 32000 Haifa, Israel

The bending behaviorof unidirectional sandwich panels (“wide” or “narrow” beams) with a compressible “soft”
core and piezoelectric active face sheets is investigated. The panels studied consist of composite face sheets with
embedded active piezoelectric layers and a compressible core. The mathematical formulationadopts the principles
of the high-order sandwich panel theory. The � eld equations and the boundary and continuity conditions are
derived through the variational principle of virtual work, and the electromechanical effect is introduced using the
linear piezoelectric constitutive equations. Higher-order effects due to � exibility of the core are incorporated in
the analysis as a result of the solution of the � eld equations and are not presumed a priori. Numerical results are
presented for typical cases of active sandwich panels and the effectiveness of various electrical actuation schemes is
investigated.The effects associated with usingpiecewise continuousactive layers are also investigatedanddiscussed.
The results reveal the capabilities of the proposed model and highlight some of the problems involved with the
analysis and design of active sandwich panels.

Introduction

P IEZOELECTRIC actuation has become an accepted approach
for shape control of many types of structural members. The

implementation of such piezoelectric actuators in modern sand-
wich structures, which consist of composite laminated face sheets
and a compressible “soft” core, combines the advantages of the
lightweight structure and the embedded actuator. This con� gura-
tion has additional advantages due to the protection that the soft
core provides to the brittle piezoelectricmaterials and especially to
piezoceramic materials such as lead–zirconia–titanate (PZT).

The static and dynamic behavior of active sandwich panels has
been widely investigated in recent years. Wang and Quek1 studied
the � exural vibrations of sandwich beams with piezoelectric actu-
ators, assuming an Euler-type model. Such assumption was also
adopted by Abramovich and Pletner2 for modeling the dynamic
shape control of aluminum-PZT-foam sandwich beams. Trindade
et al.3 and Benjeddou et al.4;5 assumed a piecewise linear defor-
mation pattern through the depth of each layer of the sandwich
structure, thus allowing shear deformation and shear actuation of
the core. Bisegna and Caruso6 adopted the Mindlin plate theory for
the derivationof a � nite elementmodel for the active sandwichplate.
A similar model for the piezoelectric shear actuation of sandwich
panels and plates has been presented by Zhang and Sun.7;8 This
model uses the classical plate theory for the representation of the
face sheets, whereas the core is assumed to be a � rst-order shear
deformable plate. Although the approach used in Refs. 3–8 is suit-
able for the analysis of sandwich panels with incompressible core
materials, it can not describe the localized effects that characterize
sandwich panels with soft cores.
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A different category of active sandwich panels has been investi-
gated by Wang et al.,9 Birman,10 and Birman and Simonyan.11 This
typeof applicationfocusonpiezoelectricactuationof the facesheets
using surface-mounted or embedded active layers. The models de-
rived in Refs. 10 and 11 neglect the longitudinalstresses in the core;
thus, they imply the use of soft core materials.However, the vertical
normal stresses in the core and its compressibility in the vertical
direction are also neglected. These models also focus on midplane
symmetric panels with symmetric distribution of the active layers
and do not account for more general con� gurations.

In this paper, the bending behavior of a unidirectional sandwich
panel (“wide” or “narrow” beam) with piezoelectricallyactive face
sheets and a � exible core is investigated. The mathematical model
presentedfollowstheconceptsof the high-ordersandwichpanel the-
ory (HOSPT),12¡16 which is extended here to include the effect of
the active piezocompositelayers. The accuracy of the theory and its
abilityto describethe stressconcentrationassociatedwith thebehav-
ior of such a panel quantitatively have been demonstrated through
comparisonwith photoelasticexperimental results by Thomsen and
Frostig.17 The sandwich panels studied here consist of composite
laminated face sheets with embedded or surface-mounted piezo-
ceramic (PZT) layers and a soft core. The core is considered as a
two-dimensional linear elastic medium that has shear and vertical
normal resistance, whereas its longitudinal stresses are neglected.
The face sheets are consideredas membrane and bending members
made of composite laminated materials and follow the Bernoulli–
Euler assumption. The behavior of the active layers is governed by
the linearpiezoelectricconstitutiveequations,and they are activated
with a prescribedelectric � eld that is assumeduniform throughtheir
thicknessand that coincideswith the electricalpoling direction. It is
also assumed that the displacementsare uniform through the width
of the panel and that perfectbondingexistsbetween the layers; thus,
the interfacesmaintaincompatibilityof deformationsand resist ver-
tical normal and shear stresses.

The mathematical formulation uses the principle of virtual work
for the derivation of the � eld equations, along with the boundary
and continuity conditions. It also included the generalized piezo-
electric constitutive relations, the closed-form stress and deforma-
tion � elds of the core, the governing equations, and their analytical
solution. Numerical results in terms of deformations, stresses, and
stress resultantsare presented for some typical cases of active sand-
wich panels. The effectiveness of various actuation schemes and
the effects associated with using piecewise piezoelectric actuators
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are also investigated. The paper closes with a summary and some
recommendations for the analysis and design of such active sand-
wich structures.

Mathematical Formulation
The mathematical formulation includes the derivationof the � eld

equations and the boundary and continuity conditions, the consti-
tutive relations, the stress and deformations � elds of the core, the
governing equations, and their analytical solution. The geometry,
notation, and sign conventionsappear in Fig. 1. The � eld equations
and the boundary and continuity conditions are derived using the
principle of virtual work that requires

±[H ."; NE/ C W ] D 0 (1)

where W is the potential of the external loads, H is the electrical
enthalpy,18 and ± is the variational operator. The � rst variation of
the electrical enthalpy, stated in terms of the electric � eld, electric
displacements, stresses, and strains is

±H ."; NE/ D
Z

vt

¾ t
xx ±"t

x x dvt C
Z

vb

¾ b
x x ±"b

x x dvb

C
Z

vc

.¿x z±°zx C ¾zz±"zz/ dvc ¡
Z

vt

Dt ± NE t dvt ¡
Z

vb

Db± NEb dvb

(2)

where ¾ i
x x and "i

x x are the longitudinal stresses and strains in the
upper, i D t , and lower, i D b, face sheets, respectively; ¿x z and °zx

are the shear stress and shear angles in the core; ¾zz and "zz are
the normal stresses and strains in the vertical direction of the core;
Di and NE i are the electrical displacements and the electrical � elds
of the upper, i D t, and lower, i D b, face sheets, respectively; vi ,
i D t; b; c, are the volume of the upper and lower face sheets and
the core, respectively; and dvi is the in� nitesimal volume element.
Note that in the case of piezoelectric actuation, the electric � eld NE
is prescribed and the term ± NE vanishes.

The � rst variationof the potential energy of the surface loads and
charges is

±W D ¡
Z x D L

x D 0

.nt ±u0t C qt ±wt C m t ±¯t / dx

¡
Z x D L

x D 0

.nb±u0b C qb±wb C mb±¯b/ dx

C
Z x D L

x D 0

. N¾t ± N’t / dx C
Z x D L

x D 0

. N¾b± N’b/ dx

¡
NCtX

j D 1

Z x D L

x D 0

. NNt j ±u0t C NPt j ±wt C NMt j ±¯t /±D.x ¡ x j / dx

Fig. 1 Notations and sign conventions: a) geometry, coordinate systems, de� ections and external loads; b) stresses and stress resultants; c) layup of
piezocomposite upper and lower face sheets; and d) applied voltage and electric poling � eld for piezocomposite face sheets.

¡
NCbX

j D 1

Z x D L

x D 0

. NNb j ±u0b C NPb j ±wt C NMb j ±¯b/±D.x ¡ x j / dx

(3)

where u0i ; wi , and ¯i are the longitudinal and vertical displace-
ments and the rotations of the reference level of the face sheets,
respectively; ni ; qi , and m i are the distributed axial and transverse
external loads and the distributed bending moments; N¾i are the sur-
face charges multiplied by the width of the panel; N’i are the elec-
tric potentials; NNi j , NPi j , and NMi j , i D t; b, are the concentratedaxial
and transverseexternalloadsand theconcentratedbendingmoments
exerted at x D x j , respectively; ±D is the Dirac function; and NCi

is the number of concentrated loads. Here again, the piezoelectric
actuation is associated with prescribed electric � eld and potential;
hence, the terms ± N’i also vanish.

Adopting the Bernoulli–Euler assumption along with the as-
sumptionsof negligiblesheardeformationsand uniform de� ections
through the width of the panel, the displacement � elds of the upper
and lower face sheets take the following forms:

wi .x; y; z/ D wi .x/ (4a)

u i .x; y; z/ D u0i .x/ C zi ¯i .x/ (4b)

¯i .x/ D ¡wi;x .x/ .i D t; b/ (4c)

where zi , i D t; b, is measured from the midplane of each face sheet
downward, independently, and . /; j denotes the derivative with re-
spect to the coordinate j . Equations(4a–4c), alongwith the assump-
tion of small deformation, yield the following kinematic relations
for the face sheets:

"i
x x D u0i;x ¡ zi ¢ wi ;x x (5a)

"i
x x0 D u0i;x (5b)

Â i
x x D ¯i ;x D ¡wi ;x x .i D t; b/ (5c)

where "i
xx 0 and Â i

x x are the midplane strains and curvatures of the
face sheets, respectively.

The kinematic relations of the core are based on linear two-
dimensional elasticity and read

°xz D uc;z.x; zc/ C wc;x .x; zc/ (6a)

"zz D wc;z.x; zc/ (6b)

where uc and wc are the longitudinal and vertical displacements of
the core, respectively, and zc is the vertical coordinate of the core,
measuredfrom the upper core–face-sheetinterfacedownward.Note
that, as opposedto the displacements� elds of the face sheets,which
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adopt theBernoulli–Euler assumption[Eqs. (4)],no assumptionsare
made with regard to the displacement � elds of the core.

The requirement for perfect bondingof the core to the face sheets
yields the followingcompatibilityconditionsat the upper and lower
core–face-sheet interfaces:

wc.x; 0/ D wt .x/ (7a)

wc.x; c/ D wb.x/ (7b)

uc.x; 0/ D ut .x; h t =2/ D u0t .x/ ¡ .h t =2/wt;x .x/ (8a)

uc.x; c/ D ub.x; ¡hb=2/ D u0b.x/ C .hb=2/wb;x .x/ (8b)

Note that zc D 0 and zc D c denote theupperand lower face-sheet–
core interfaces, respectively, and hi , i D t ; b, are the thicknesses of
the top and bottom face sheets, respectively.

The internalstress resultantsare de� ned by integrationof stresses
through the thickness of each face sheet and read

N i
x x D

Z h i =2

¡hi =2

¾ i
x x dzi (9a)

M i
x x D

Z h i =2

¡hi =2

¾ i
x x zi dzi (9b)

When the de� nitions of the internal stress resultants, along with
the kinematic relations and the compatibility conditions, are intro-
duced into the variational principle, and by the use of the funda-
mental lemma of the calculus of variations,19 the following � eld
equations for the face sheets and the core are obtained:

N t
x x;x C b¿x z.x; 0/ C nt D 0 (10)

N b
x x ;x ¡ b¿x z.x; c/ C nb D 0 (11)

M t
x x;x x C .bht =2/¿x z;x .x; 0/ C b¾zz.x; 0/ C qt ¡ m t;x D 0 (12)

M b
x x ;x x C .bhb=2/¿x z;x .x; c/ ¡ b¾zz.x; c/ C qb ¡ mb;x D 0 (13)

¾zz;z C ¿x z;x D 0 (14)

¿x z;z D 0 (15)

The boundaryconditions at x D 0 or L , which are also derivedby
the use of the variational principle, take the following form for the
various face sheets, i D t ; b:

¸N i
x x ¡ NNi D 0 or u0i D Nu0i (16)

¸
£
M i

x x ;x C .bh=2/¿x z ¡ m i

¤
¡ NPi D 0 or wi D Nwi (17)

¡¸M i
x x C NMt D 0 or wi;x D Nwi;x (18)

¿x z.x; zc/ D 0 or wc.x; zc/ D Nwc.zc/ (19)

where ¸ D 1 at x D L and ¸ D ¡1 at x D 0; NNi ; NPi , and NMi are ex-
ternal concentrated loads and bending moments exerted at the ends
of the face sheets; and Nu0i , Nwi , and Nwi; j are prescribeddeformations
and rotations at the ends of the upper, i D t , and the lower, i D b,
faces, respectively.

The continuity conditions for the various face sheets, i D t; b, at
any point x D x j within the panel requires continuity of the dis-
placements and slopes, as well as equilibrium of the internal stress
resultants and the imposed concentrated loads, as follows:

u.¡/

0i D u.C/

0i (20)

w
.¡/

i D w
.C/

i (21)

w
.¡/

i;x D w
.C/

i;x (22)

N i.¡/
x x ¡ N i.C/

x x D NNi j (23)

¡M i.¡/
x x C M i.C/

x x D NMi j (24)

M i.¡/
x x;x C

¡
bh.¡/

i

¯
2
¢
¿ .¡/

x z
¡ m.¡/

i

¡ M i.C/
x x;x ¡

¡
bh.C/

i

¯
2
¢
¿ .C/

x z C m.C/

i D NPi j (25)

The continuity conditionsof the core are

¿ .¡/
xz .x; zc/ D ¿ .C/

c .x; zc/ (26)

w.¡/
c .x; zc/ D w.C/

c .x; zc/ (27)

where the superscripts (¡) and (C) denote quantities left and right
to the point x D x j , respectively.

The constitutiverelationsfor the face sheetsuse the classical lam-
ination theoryand the linearpiezoelectricconstitutiveequations(the
converse piezoelectriceffect). In the case of wide beam conditions,
"k

yy D ° k
yz D ° k

x y D 0, the constitutive relations are

¾ k
x x D ck

11"
k
x x ¡ ek

31
NE k

3 (28a)

Dk
3 D ek

31"
k
x x C ·k

33
NE k

3 (28b)

where ek
31 is the transformed piezoelectric stress coef� cient of the

kth layer within the upper or lower face sheet; ·33 is the electrical
permittivityof that lamina; ck

11 is its stiffness; NE k
3 is the electric � eld;

and the 1 and 3 directionscoincidewith the face sheet’s coordinates
x;and zi , i D t; b, respectively. For the passive layers within the
laminated face sheets, all of the piezoelectric constants vanish, and
Eq. (28a) yields to the classical Hooke’s law.

From thede� nitionof theelectric� eld being the negativegradient
of the potential, and by the use of the assumption of uniform � eld
through the thickness of the active layer and the sign conventions
of Fig. 1, the expression for he electric � eld as the kth layer is

NE k
3 D ¡[Vk=.zk ¡ zk¡1/] (29)

where Vk is the voltage applied through the thickness of the kth
layer.

Integration of the constitutive equations through the thickness of
each face sheet yields the constitutive relations for the upper and
lower active face sheets, as follows:

"
N i

x x

M i
x x

#
D

"
Ai

11 B i
11

B i
11 D i

11

# "
"i

xx 0

Â i
x x

#
¡

"
N i

PZ

M i
PZ

#

.i D t; b/ (30)

where Ai
11 , B i

11 , and Di
11 are the rigidities of the upper (i D t/ and

lower (i D b/ face sheets multiplied by the width of the panel b
and N i

PZ and M i
PZ are the induced piezoelectric forces and couples

de� ned by

µ
N i

PZ

M i
PZ

¶
D b

NplyX

kD1

Z zk

zk ¡ 1

ek
31

NE3

µ
1

zi

¶
dzi (31)

where Nply is the number of layers within each face sheet.
The constitutive relations for the core follow Hooke’s law and

read

¿x z D G c ¢ °xz; ¾zz D Ec ¢ "zz (32)

where G c is the shear modulus of the core and Ec is the elastic
modulus of the core in the vertical direction.

The stress and displacement� elds of the core are derivedby solv-
ing the � eld equations,Eqs. (14) and (15); along with the kinematic
and constitutive relations, Eqs. (6) and (31); and the compatibility
conditions at the upper and the lower face core interfaces, Eqs. (7)
and (8). This solution procedure yields the following closed-form
expressions:

¿x z.x; zc/ D ¿x z.x/ D ¿ (33)

¾zz.x; zc/ D ¡¿;x .2zc ¡ c/=2 C Ec.wb ¡ wt /=c (34)

wc.x; zc/ D ¡¿;x .zc ¡ c/zc=2Ec C .wb ¡ wt /zc=c C wt (35)
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uc.x; zc/ D ¿ zc=Gc ¡ .¿;x x =2Ec/
¡
z2

c c
¯

2 ¡ z3
c

¯
3
¢

¡ wb;x z2
c

¯
c ¡ wt;x

¡
¡z2

c

¯
2c C zc C h t =2

¢
C u0t (36)

Equations (33–36) reveal the high-order stress and displacement
� elds of the core, which are a result of the solution of its � eld
equations and are not presumed a priori.

Because of the limited size of available piezoceramic layers,
piecewise piezoelectric actuators are used in many practical ap-
plications. In this case, the gap between every two adjacent active
layers yields rapid changes in the thickness of the core. Thus, the
integral term of the continuity conditionsof the core at x D x j reads
Z

zc D c.¡/

zc D 0

¿ .¡/ ¢ ±w.¡/
c .x j ; zc/ dzc D

Z
zc D c.C/

zc D 0

¿ .C/ ¢ ±w.C/
c .x j ; zc/ dzc

(37)

By the use of the shear stress distribution of Eq. (33), the integral
continuity condition becomes

c.¡/¿.x j /
.¡/ ¢

1
c.¡/

Z
zc D c.¡/

zc D 0

±w.¡/
c .x j ; zc/ dzc

D c.C/¿ .x j /
.C/ ¢ 1

c.C/

Z zc D c.C/

zc D 0

±w.C/
c .x j ; zc/ dzc (38)

This continuity condition can be described by

c.¡/¿ .¡/.x j / ¢ ±w.¡/
c;average.x j / D c.C/¿ .C/.x j / ¢ ±w.C/

c;average.x j / (39)

where ±wc;average is the averaged through the thickness vertical dis-
placement. Hence, in the case of discontinuous core thickness, the
continuity conditions of the core, Eqs. (26) and (27), are replaced
by

c.¡/¿ .¡/.x j / D c.C/¿ .C/.x j / (40)

w.¡/
c;average.x j / D w.C/

c;average.x j / (41)

The governingequations are stated in terms of the unknown dis-
placements of the upper and the lower face sheets and the unknown
shear stressof the core.The equationsare derivedby introducingthe
generalized constitutive relations, Eq. (31), along with the closed-
form solution of the stress and displacement � elds, Eqs. (33–36),
into the four � eld equations of the face sheets, Eqs. (10–13). The
� fth governingequation is a result of the requirementof compatible
longitudinaldisplacement� elds at zc D c [see Eq. (8b)]. After some
algebraicmanipulations,the governingequationsof the active panel
read

At
11u0t;x x ¡ B t

11wt;x x x C b¿ D N t
PZ;x ¡ n t (42)

Ab
11u0b;xx ¡ Bb

11wb;x x x ¡ b¿ D N b
PZ;x ¡ nb (43)

D t
11wt;x x x x ¡ B t

11u0t;x x x C .bEc=c/.wt ¡ wb/

¡ b¿;x .c C h t /=2 D q t ¡ m t
;x ¡ M t

PZ;x x (44)

Db
11wb;x x x x ¡ Bb

11u0b;x x x ¡ .bEc=c/.wt ¡ wb/

¡ b¿;x .c C hb/=2 D qb ¡ mb
;x ¡ Mb

PZ;x x (45)

u0t ¡ u0b ¡ .c C h t /wt;x =2 ¡ .c C hb/wb;x =2

¡ ¿;x x c3
¯

12Ec C ¿ c=G c D 0 (46)

Equations (42–46) form a 14th-order system of coupled ordinary
differentialequations.The linearityof theequationsand theconstant
coef� cients allows the use of the classical procedure of solving
differential equations.20 By the use of this procedure, the closed-
form solution of Eqs. (42–46) takes the following form:

wt D
8X

i D 1

®wt;i Ci exp.si x/ C C9 C C10x C C11x2 C C12x3 C w
p
t

(47)

wb D
8X

iD1

®wb;i Ci exp.si x/ C C9 C C10x C C11x2 C C12x3 C w
p
b

(48)

u0t D
8X

i D 1

®u0t;i Ci exp.si x/ C

(
6cAt

11 Ab
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bGc

¡
At

11 C Ab
11
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c C
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2
C

hb

2

C
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11
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´¶
C12 C

³
c C

ht

2
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2

´
C10 C C13

)

C
»

2

³
c C

ht
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C
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´
C11 C C14

¼
x C

(
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¢

£
µ³

c C
h t

2
C
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2

´
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11 ¡ Bb
11 ¡ B t
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¶
C12

)
x2 C u P

0t (49)

u0b D
8X

i D 1

®u0b;i Ci exp.si x/ C C13 C C14x

C 3

»³
c C

ht

2
C

hb

2

´
Ab

11 C Bb
11 C B t

11

¼
C12x2 C u P

0b (50)

¿ D
8X

i D 1

®¿;i Ci exp.si x/ ¡

(
6

b
¡

At
11 C Ab

11

¢
µ
At

11 Ab
11

³
c C

ht

2
C

hb

2

´

C Bb
11 At

11 ¡ B t
11 Ab

11

¶)
C12 C ¿ P (51)

where si are the roots of the characteristicpolynomial, [®wt;i , ®wb;i ,
®u0t;i , ®u0b;i , ®¿;i ]T is the normalized eigenvector for the si root,
the superscript P denotes the particular solution, and C1; : : : ; C14

are constants determined using the boundary conditions. Note that
Eqs. (47–51) provide a closed-formsolutionof the governingequa-
tions, hence, the analysis is accurate within the bounds of the as-
sumptions made. The accuracy of the approach used here, and its
ability to provide quantitative description of the stress distributions
in panels subjected to mechanical loads, has been demonstratedex-
perimentally by Thomsen and Frostig.17 The deformations, stress
resultants, and stresses induced due to the piezoelectric actuation
are investigated next.

Numerical Study
The numerical study focuses on two practical cases of active

sandwich panels. The � rst case investigates and compares various
schemes for the electrical actuationof cantileveredsandwich panels
of variousgeometricallayouts.The secondnumericalcaseexamines
the behavior of a sandwich panel actuated using piecewise piezo-
electric layers and compares it with the response of a panel actuated
with continuouslayers. In both cases, results in terms of de� ections,
stress resultants, and stresses are presented and discussed.

Case 1: Bending Actuation of Cantilevered Panels
The bending behavior of two cantilevered sandwich panels that

differ in their geometrical layouts is investigated.The geometry of
the panels appears in Fig. 2 and the mechanical properties of the
various materials appear in Tables 1 and 2. The � rst long panel
is characterizedby a relatively large length-to-face-sheet-thickness

Table 1 Mechanical properties of the face sheet passive substrate
and piezoceramic (PZT) layers

E1, E2, G12 , d31, d32, t ,
Lamina MPa MPa MPa v12 mm/V mm/V mm

Glass/ 47,600 13,300 4,750 0.30 —— —— 0.12
epoxy

PZT 63,000 63,000 24,800 0.28 ¡270£ 10¡9 ¡270£ 10¡9 0.16
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ratio (L=h t D 100/, and the second short panel is characterized by
a smaller length-to-face-sheet-thickness ratio (L=h t D 25/. In all
cases, a uniform aspect ratio of L=c D 5 is adopted for the core;
the length to width ratio is L=b D 2; the stacking sequences for the
passiveglass/epoxy upper and lower face sheets are [0, 90]S and [02,
90]S , respectively; and a dc voltage V D 500 V is used. The three
investigated actuation schemes are described next.

Global Bending
The piezoceramic (PZT) layers that are located at the upper and

lower faces of the upper face sheet are subjected to positivevoltage,
whereas the layers that are located at the upper and lower faces of
the lower face sheet are subjected to negative voltage (see Fig. 2b).
This schememainly inducesglobal bendingof the panel in the form
of tensile/compressive forces at the face sheets.

Local Bending
In this case, the piezoceramic layers located at the upper faces

of both face sheets are actuated with positive voltage, whereas the
piezoceramic layers located at the lower faces of both face sheets
are actuated with negative voltage (Fig. 2c). This scheme yields
localized bending in the upper and the lower face sheets.

Table 2 Elastic moduli
of the foam core material

Elastic modulus Value

Ec , MPa 50
Gc , MPa 20

a)

b) c) d)

Fig. 2 Case 1, piezoelectric actuation of cantilevered sandwich panels: a) dimensions and geometry, b) global bending scheme, c) local bending
scheme, and d) nonsymmetric scheme.

a) b) c)

Fig. 3 Displacements in active long panel: a) longitudinal,b) vertical, and c) longitudinaldisplacement pro� les at the free edge of the panel (A, global
bending; B, local bending; and C, nonsymmetric actuation).

Nonsymmetric Actuation
In this scheme, the piezoelectric layers are located at the lower

face of the upper face sheet and at the upper face of the lower face
sheet (see Fig. 2d). The layer at the upper interface is actuated with
negative voltage, whereas the piezoelectric layer at the lower inter-
face is actuatedwith positivevoltage.This con� gurationyieldscou-
pled in-plane and bending actuation, as well as stretching/bending
rigidities in the face sheets. Note that the thickness of the piezo-
electric layers and the applied voltageused in this scheme are twice
the quantities used in the global and local bending schemes; hence,
the total amount of the piezoelectric material and the electric � eld
are kept uniform in all cases. Also note that, in this layout, the ac-
tive layers are located at the inner faces of the face sheets; thus, the
brittle piezoceramic layers are protected by the core, and a smaller
number of surface electrodes are required.

The results for the various actuation schemes for the long panel
appear in Figs. 3–5. The longitudinal and transverse displacements
of the face sheets appear in Figs. 3a and 3b, respectively, and re-
veal that the global bending actuation (marked with superscript A)
yields signi� cantly larger de� ections than the local bending scheme
(markedwith B) does.The curvesalso reveal that the nonsymmetric
actuation (marked with C) yields de� ections that are in the same
order of magnitude as those induced in the global bending scheme.
In addition, both the local bending and the nonsymmetric schemes
are involved with localized de� ections of the face sheets near the
free edge. This effect is attributed to the localizedbendingeffects at
the edge of the panel and to the � exibility of the core. The longitu-
dinal displacementsat the free edge of the panel are plotted through
the thickness of the entire cross section of the panel in Fig. 3c. The
curves reveal the high-order effects that take the form of nonlinear
displacement patterns through the depth of the core.
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a) b) c)

Fig. 7 Stress resultants in active short panel: a) axial forces, b) bending moments, and c) shear forces (A, global bending; B, local bending; and C,
nonsymmetric actuation).

a) b) c)

Fig. 8 Stresses in active short panel: a) shear stresses in the core, b) vertical normal stresses at the core–face-sheet interfaces, and c) longitudinal
normal stresses at outer piezoelectric layers (A, global bending; B, local bending; and C, nonsymmetric actuation).

Fig. 9 Piezoelectric actuation with piecewise and continuous piezoceramic (PZT) layers.

sheets that occurs near the free edge of the panel. In the long panel,
these phenomena decay within a distance of about one times the
depth of the panel. Yet, in the short panel, they are more dominant
and decay much slower.

The internalstress resultantsin the short panel appearFigs. 7a–7c
and reveal that the local bending actuation, which yields larger de-
� ections and can, thus, be considered more effective, is also asso-
ciated with increased internal stress resultants. The shear and ver-
tical normal stresses in the core and the longitudinal stresses in the
piezoelectric layers appear in Figs. 8a–8c, respectively, and indi-
cate that the local bending scheme is associated with the highest
stresses, whereas the global bending scheme is involved with the
lowest ones. However, here again the longitudinal normal stresses
are of the same orderof magnitudefor all cases.Hence, in the caseof
the shortpanel, the local bendingschemeprovidesan adequatesolu-
tion that combines the largest de� ections with longitudinal normal
stress that are not larger than those observed in the other con� g-

uration. Nevertheless, the design of such panels must account for
the enhanced shear and vertical normal stresses associatedwith this
scheme.

Case 2: Piezoelectric Actuation with Piecewise Active Layers
The second numerical case investigates the effect of using piece-

wise piezoelectric layers for the actuation of the sandwich panel.
Such piecewise actuation is enforced in many practical cases due
to the limited sizes and layouts of the piezoceramic active layers.
The response of the panel actuated with the piecewise layers is
investigated and compared with the behavior of a similar panel
that is actuated with continuous layers. The mechanical proper-
ties, stacking sequences, and electrical actuation scheme of the
panels are identical to those used in the global bending scheme
(see Tables 1 and 2). The geometrical layout of the piecewise ac-
tive panel appears in Fig. 9. The discontinuities in the piezoce-
ramic layers, and the corresponding changes in the depth of the
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a) b) c)

Fig. 10 Piezoelectric actuation with piecewise and continuous layers: a) longitudinal displacements, b) vertical de� ections, and c) longitudinal
displacement pro� les at the free edge of the panel (——, continuous PZT and - - - -, piecewise PZT).

a) b) c)

Fig. 11 Piezoelectric actuation with piecewise and continuous layers: a) axial forces, b) bending moments, and c) shear forces (——, continuous PZT
and - - - -, piecewise PZT).

a) b) c)

Fig. 12 Piezoelectric actuation with piecewise and continuous layers: a) shear stresses in the core, b) vertical normal stresses at the core–face-sheet
interfaces, and c) longitudinal normal stresses at outer piezoelectric layers (——, continuous piezoelectric layers and - - - -, piecewise piezoelectric
layers).

core, are modeled by the introduction of an additional passive re-
gion between every two active regions (see detail A in Fig. 9) and
employment of the continuity conditions of Eqs. (20–25), (40),
and (41).

The longitudinaland verticaldisplacementof the upper and lower
face sheets and the longitudinal displacement pro� les through the
entire thickness of the panel at a section located at x D 150 mm
appear in Figs. 10a–10c, respectively. The results indicate that the
use of the piecewise piezoelectric layers reduces the achieved peak
de� ections by about 15–20% as compared to the continuous layers.
Figure 10b also reveal the nonidentical de� ections of the upper
and the lower face sheets, especially near the inner support. These
differences are attributed to the static indeterminacy of the panel,
the reactionin the inner support,and the compressibilityof the core.

Additional results in terms of the internal in-plane, bending, and
shear stress resultants are presented in Figs. 11a–11c. These curves
reveal that the magnitudesof the internal forces in the piecewise ac-
tuated panel are reducedby about 30–55% as compared to those for
the continuouscon� guration.This effect is explainedby the reduced
overall stiffness of the panel due to the gaps between the piezo-
electric layers. The shear stresses in the core, the vertical normal
stresses in its interfaces, and the longitudinal stresses in the outer
piezoceramic layers appear in Fig. 12. These results indicate that

the piecewise actuation is associated with reduced shear stresses in
the core; however, the peak vertical normal stresses are almost the
same in both cases. The longitudinalnormal stresses in the piezoce-
ramic layers are also alike in both cases, excluding the close vicin-
ity of the inner support, which is associated with higher stresses
in the continuous con� guration. Hence, locating the inner support
within the gap between two adjacent active regions avoids exposing
the piezoceramic layers to the stress concentration induced by the
reaction.

Summary
A systematic high-order model for the local and overall analysis

of sandwich panels with piezoelectric composite face sheets and a
compressible core has been presented. The derived model follows
the concept of the HOSPT and uses the piezoelectric generalized
constitutive equations for the representationof the piezoelectricef-
fects.The model accounts for arbitrary symmetric or nonsymmetric
layup for the piezocomposite face sheets, as well as any combi-
nation of loads and boundary conditions. The core considered is
compressible; thus, its height changes, and its plane of section does
not remain in plane after deformations.

The � eld equations, as well as the corresponding boundary
and continuity conditions, have been derived using the variational



118 RABINOVITCH, VINSON, AND FROSTIG

principleof minimizationof the electricalenthalpyand the potential
of the surface tractions.The � eld equations,alongwith the constitu-
tive relations, the closed-form stress and displacement � elds of the
core, and the compatibility requirements, yield a 14th-order system
of ordinary differential equations that are solved analytically.

The capabilities of the proposed model have been demonstrated
through a numerical study of two typical cases of active sandwich
panels. In the � rst case, three schemes for the piezoelectricactuation
of various cantilevered panels, which differ in their geometrical
layout, have been examined. The results have revealed that for a
long panel, which is characterizedby relatively large length to face
sheet thickness ratio, the most effective actuation scheme is based
on electrical extension and contraction of one of the face sheets
(global bending). It has also been shown that adequate results can
be achieved using a nonsymmetric actuation scheme, in which the
piezoceramiclayers are locatedat thecore–face-sheetinterfacesand
protectedby the soft core.On theotherhand,for a shortpanel,which
is characterized by relatively thick face sheets, it has been shown
that the localbendingactuationschemeyieldsthe largestde� ections.
Yet, this con� guration is associated with enhanced stresses in the
face sheets and in the core.

The second numerical case has focused on the effect of electrical
actuationusing piecewisepiezoceramiclayers and compares the re-
sults to the response of a similar panel with continuous actuators.
The results have indicated that the piecewise actuation is associated
with smaller induced deformations; hence, it might be considered
less effective. On the other hand, smaller peak internal stress resul-
tants and smaller shear stresses in the core are also observed using
the piecewise active layers.

The analytical formulationand the numerical results presented in
this paper have revealed the broad range of possibilities for active
shape control of sandwich panels with � exible cores. The analysis
has also revealed the high-order response, the localized effects, and
the stress concentrationsassociatedwith such actuation.The ability
to predict these effects, as well as its generality and suitability to
any combination of loading and boundary conditions, are among
the major advantages of the proposed model.
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